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ABSTRACT: We consider pure spinor strings that propagate in the background generated
by a sequence of TsT transformations. We use the fact that U(1) isometry variables of
TsT-transformed background are related to the isometry variables of the initial background
in the universal way that is independent of the details of the background. We will argue
that after redefinitions of pure spinors and the fermionic variables we can construct pure
spinor action with manifest U(1) isometry. This fact implies that the pure spinor string in
TsT-transformed background is described by pure spinor string in the original background
where world-volume modes are subject to twisted boundary conditions. We will argue
that these twisted boundary conditions generally prevent to prove the quantum conformal
invariance of the pure spinor string in AdSs x S° background. We determine the conditions
under which this quantum conformal invariance can be proved. We also determine the Lax
pair for pure spinor strings in the TsT-transformed background.
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1. Introduction and summary

It was noticed recently in [[l] that in situation when the initial geometry contains a two-
torus, a regular background can be generated by using a combination of T-duality trans-
formation on one angle variable followed a shift of the second isometry variable and finally
performing the second T-duality along the first isometry variable. This chain of duality
transformations that produces family of one-parameter deformation of initial background
is known as TsT transformation. The work [l can be generalised to construct regular
multi-parameter deformations of gravity background if they contain a higher dimensional
torus and it is possible to perform many chains of TsT transformations [f].

Remarkable fact considering TsT transformations is that they are very powerful for
searching of new less supersymmetric examples of AdS/CFT correspondence. In particular,
it was used in [fl] to obtain a deformation of AdS5 x S° geometry that is conjectured to be
dual to supersymmetric marginal deformation of N =4 SYM. This deformation is called
as a (8 deformation.

Some aspects of more general three-parameter deformed AdSs x S° and the dual non-
supersymmetric deformations of N = 4 SYM have been studied in papers [A—Bg]. It is
unclear, however, if the non-supersymmetric string background is stable. For example, it
is known that the spectrum of string theory in the TsT-transformed flat space contains
tachyon [R§]. However it does not imply that string theory on the deformed AdSs; x S°
is unstable because the TsT-transformed flat space is singular at space infinity while the
deformed AdSs x S° is regular everywhere. As was shown in [B, ff] the TsT transformation
has very nice property that it can be implemented on the string sigma model leading to
the simple relations between string coordinates of the initial and TsT dual-transformed



background. These relations allow to prove that the classical solutions of string theory
equations of motion in a deformed background are in one-to one correspondence with
those in the initial background with twisted boundary conditions imposed on the U(1)
isometry fields that parametrise the torus.

The analysis performed in [E] was restricted to the bosonic part of type IIB Green-
Schwarz superstring action on the deformed AdSs x S°. This work was generalised to
the full Green-Schwarz superstring action in the remarkable paper [J]. The problem with
superstring extension is how to define the TsT transformation for fermion variables since
they are not neutral under T-duality transformations [[fd, [4]. The key idea that was
presented in and that solves this problem is to redefine the original fermions in such a
way that they become neutral under the isometries of the torus.

The goal of this paper is to see that the same analysis can be performed in case of pure
spinor string proposed by Berkovits [@f@].l In a recent paper [@], quantum consistency
was argued by means of algebraic renormalization arguments. The one-loop conformal
invariance of pure spinor string was also demonstrated in [B0]. 2 Vertex operators for
massless excitations have been proposed some time ago [7] and checked to be classically
BRST invariant [55]. Algebra of currents was also classically calculated in [5§] and the first
attempt to calculate their operator product expansion was performed in [57].

All these results, especially proof of the quantum consistency of the pure spinor string
in AdSs x S° suggest that pure spinor string could be the correct way to study the string
theory on the y-deformed background. The goal of this paper is to demonstrate this fact.
Let us outline its content.

We will show that we can formulate the pure spinor string in the deformed background
using the TsT transformations from the original AdSs x S® background. As in the case of
GS superstring [[J] we redefine both fermions and pure spinors variables in order that they
become neutral under isometry transformations. Then we argue that the pure spinor string
in y-deformed AdSs x S° background is equivalent to the pure spinor string in the original
AdS5 x S® background where the world-sheet fields obey twisted boundary conditions. We
will also argue that the existence of these twisted boundary conditions is crucial for the
proof of the quantum consistency of the pure spinor string in v deformed background.
More precisely, the proof of the quantum consistency of pure spinor string in AdSs x S°
presented in [i§] was based on the explicit gauge invariance of the pure spinor string in
AdS5 x S® background. On the other hand the twisted boundary conditions for world-sheet
fields are naturally related to the particular coset representative that however breaks the
explicit gauge invariance of the theory. Then we will show that in order to restore this
gauge invariance we have to restrict to the case when the world-sheet fields obey periodic
boundary conditions.

Let us be more explicit. We will see that the configuration of the pure spinor string in
AdSs x S5 background is labelled in general by 3 conserved angular momenta (Ji, Jo, J3).

IFor review of pure spinor formalism in superstring theory, see [@7@]
2Check of the one-loop conformal invariance of pure spinor string in general background was performed

in (B, pd



These angular momenta depend on the deformation parameters ; through
Vi = €Ik - (1.1)

These combinations are the twists that appear in the relations between the angle variables
of S® and the ;-deformed sphere. We will argue that for v; that are equal to integer (This
situation occurs for rational 7; only) and for v; = 0 the currents of the pure spinor string
in the AdS5 x S° background obey the periodic boundary conditions. Alternativelly, if the
twists v; are not integer or not equal to zero then the twisted pure spinor string in the
AdSs x S® that are images of the closed string in the deformed geometry under inverse TsT
transformations are open. On the other hand we will argue that strings with v; are equal
to integer correspond to the string theory in AdSs x S® background that pose the gauge
invariance of the coset and that, according to the arguments by N. Berkovits given [{g] has
exact conformal invariance. Alternativelly, the twisted boundary conditions that arrise for
non-integer v; correspond to the boundary conditions that break conformal invariance of
the theory. This result confirms the analysis performed in [2J].

Let us outline the structure of the paper. In next section (f) we review how the TsT
transformation is defined in the context of the non-linear sigma model. In section (fJ) we
introduce the action for pure spinor string in AdSs x S° background. Then we determine
its form using the explicit parametrisation of the coset introduced in [61]. In section (f)
we study the equations of motions for pure spinor string in the coset representation. We
prove the conservation of the BRST currents. In section ([f]) we perform the redefinition of
the fermions and pure spinor variables following B]

Then in section () we apply TsT transformation to the five sphere and we find the
relation between the pure spinor string action in y-deformed action and in the original
AdSs x S® action. Finally, in section (ff) we argue for an existence of the Lax connection
for pure spinor string in the v deformed background again following the approach given

in [f.
2. Review of the y-deformed action

We start with the sigma model action that describes the propagation of closed string on
the background with several U(1) isometries

V2 drdoy/—h[h" 8,¢'0,¢' GY; — €' 8,¢'9, ¢’ BY; +
A v v

+20,¢" (MUY, — € V0) + L] - (2.1)

rest

S =

As usual we have introduced the effective string tension \2/—75 that is identified with the 't

Hooft coupling in the AdS/CFT correspondence, h,,, is worldsheet metric with Minkowski
\j% e = —¢

Next we assume that the action is invariant under the U(1) isometry transformations that

10:6TJ:1.

signature that in conformal gauge is ¥ = (—1,1) and " =

are geometrically realised as shifts of the angle variables ¢;,7 =1,2,...,d. In other words
the string background contains the d-dimensional torus T¢. The action (R.I]) explicitly



shows the dependence on ¢’ and their coupling to the background fields G”, ; and
USZ, Vlf?i. These background fields are independent on ¢° but can depend on other bosonic
and fermionic string coordinates which are neutral under the U(1) isometry transforma-
tions. Finally £Y denotes the part of the Lagrangian that depends on other fields of the
theory.
As previous discussion suggests the action (R.J) is invariant under the constant shift
of ¢
¢ (1,0) = ¢'(1,0) + € . (2.2)

The corresponding Noether currents have the form

JH — \/_ / (h;u/a (ﬁjG EHV6V¢jB% + hHVUS’i _ Gﬂyvy(?l') (23)

)

and obeys the equation

0,J" =0 (2.4)

as a consequence of the equations of motion.

Now we are ready to study TsT duality of the angle variables. Let us consider two-torus
that is generated by ¢ and ¢5. The TsT transformation consists T-dualizing the variable
¢1 with the further shift ¢o — ¢o + J¢1 and dualizing ¢; back. The TST transformation

can be symbolically expressed as

(¢1.02) = (1. 2) - (2.5)

In order to find the TsT transformation of the non-linear sigma model action we proceed
following the classical works [71, [f3].

Let us start with the T-duality on a circle parametrised by ¢;. As the next step we
gauge the shift symmetry ¢/' = ¢! + €' so that €' is now function of 7,0. If we require
that the action is invariant under the non-constant transformation we have to introduce
the appropriate gauge field A, in such a way that

Ot — (9u0" + Ay) = Dyot . (2.6)

At the same time we add to the action the term ¢'et” F wv in order to assure that the gauge
field has trivial dynamics. Then we obtain the gauge invariant action

S = f drdo/—h[h*" D,¢' D, ¢' Gy + 20" D, 0,¢°GY, + 1" 9,,¢°0,¢° G, —
— 9,00, ¢ BY, — 26" D,¢' 9, ¢° BY, +

2D, (WUy — Vi) + 20,07 (WU g — € V)a) + 0 e By + Loog] s (27)

where a,b = 2,...,d. Now thanks to the gauge invariance we can fix the gauge ¢' = 0 so
that the action above takes the form

S = f drdo/—h[h"™ A, A,GY + 217" A,0,¢6°GY, + k0,070, 6°GY, —
— 8,070, 8" BY, — 26" A,0, " BY, +

F2A, (W Uy — Vi) + 20,07 (WU o — € V)) + 01 e By + Llog] - (2.8)



If we now integrate ¢! we obtain that F,, = 0 and hence A, = 9,0. Inserting back to the
action (R.§) we obtain the original action (R.1]) after identification # = ¢!. On the other
hand if we integrate out A, we obtain
2R A, Gy + 21 0,0°GY, — 26" 0,0 BY, + 2(hW* UL, — €' V,1) — 20,[¢#¢'] = 0
(2.9)

that implies

1 a v a v v 5
A= G- (~0u" Gl e 06" By = (Upy = hyueVy1) = hue"9,6) . (2:10)
Since we have argued that A, can be related to the original coordinate ¢! as A, = qul

the relation (2.10]) implies following relation between ¢! and P
Eypap(gl = _thG?16P¢1 - hupap(ﬁaG(l)a + eypap(ﬁaB?a - hupU[?,l + 6I/pvvpo,l )
Pt = ¢ . (2.11)

Now plugging the result (R.10) into the action above we obtain the action equivalent to (R.1)

A . e .~
§ = == [ drdov/=RI" 9,80, Gy — 0,8'0,8' By +
+28M¢i(huyﬁy,i - eﬂyvu,i) + Erest] ) (212)
where now
~ 1 ~ GY,.GY — BY BY
G = — G, = GO _ Mal™M1b la™1b
11 Ggl ’ ab ab G(l)l )
él _ Bla B p = BO _ G(l]aB?b — B?aG(l)b
a Ggl ) al ab G(l)l )
B _ Gla B _ _G(l)a
la — GO ) al — GO )
8)1 0 11
U, 4 = le o Uu,l
1 — S0 ,1 0
aEeld SR
U 770 G(l) aUS,l B?av;ﬂl
H,a ma GO ’
0 1/0 1 0770
b . VO _ Glav,u,l - BlaUu,l
wa — VYp,a Gj(l)6 ’
P 0w UpaUps = ViiVor | W UdaVor — ViU,
rest — A~rest — GO GO
11 11

Clearly the action (R.13) has the same number of symmetries as the original one.
The next step in the definition of the TsT transformation is the the shift of the variables
¢* that is defined as

¢ = 2 +A05, by =9,
P =¢%, a=3,....d.
(2.13)



If we now insert (R.13) into the action (R.13) we get
S = \/7 drdo/—hIh™ o z Gs ) z st
- 4 TAao [ ,U«qs ng] — € ,U«qs ¢s zg

+28ﬂ¢’ (hWUS' — e‘“’VS') + Erest] )
U 5, and Vs can be easily determined

(2.14)

where the forms of the background fields Gz 5 Bijs
from the action (R.13) and the shift transformation ()
Finally we perform the last T-duality transformation along the direction labelled with

qgi After this transformation we get the action in the final form

S = \/7 drdov — [h“”@uqbpﬁyqu ij — EHV@#QSF&/QSF ij +

+23M¢F(hzw(]y,i — " Vi) + Lrest] s (2.15)
where now
GO,
GZ] g Z‘] s
D
G =G = G_?a _|_,3/BSGG?Z — B(l)aGgl + B(l)QG?a
a at D D 5

2 AQBO
= Go, + MQ(BS?)G??, — B{3GY) +

Gab D
7
D (G 1 (B3, BY, — G9,G, + G (B1, By, — G1,GY,) 4 2G5 (GS,GY, — B?ang))
(2.16)
and
B0 Ay
Bis = —Bo1 = F E(G 1G9 — (G)* + (BY)?),
B
Bi, = =By = D l(G G} — GHLGY, + BLBY,)
Ul 4 0 0 0 770
Ui = g E(Gnv GQZV 1+ Bi2U,,)
0 .
i B
Vii = % + B(B?QV;Ri + G(l)z‘UB GQzUM 1)
& L 22130
0(77312)200100
Uu,a = Uu,a T( szaVu] - szaUu])
22 g
5 (U (GB,GY; = GR.GY)) + TV, (— B, G, + BY,GY))
(3 +4°BYy) , i
Via =V + le( IGRUY  — VBV ) +
AQ -
D( UVO (e G(l)j - G(l]ang) + EZ]US,i(_BSaG(l]j + B?ang))’
y+4°B ij v
Lyest = ‘c?est + (Tm)@e](%o,ivlj UO 2U1] +h* UBzVVOJ))
%(GO T (VOO — UO-U0-) 4 G U0V, (2.17)



where 4,5 = 1,2 define the directions of a two-torus and the index a runs over 3,...,d.
The element D is given by

D =1+ 249G, +4*(G3,GYy — (G)? + (BY)?), 4=V)y. (2.18)

Repeating the arguments given below the first T-duality transformation we can find the

relation between between ¢ and ¢ in the form
aﬂ‘ﬁ}? = 81¢1 - 'Aye;whypapgbiGzQ + r?a;ﬂsiBzQ - 'Aye;whypUp2 - 7‘@2 )
au¢%‘ = 8M¢2 + ’A)/Euuhypap(éiGil - ’Ayau(élBll + ,A)leul/hypUpl + ’A)/Vul ) 17] = 17 s d7
0oy = 0,0 ,a=3,...,d. (2.19)
In what follows we rename ¢f as ¢ in order to have contact with Bl. Clearly the ac-

tion (R.1§) has the same number of symmetries as related to the the constant shifts of the
variables ¢. The conserved Noether currents have the form

- 2\ - .
Tl = =SV R 0,5 Gi — 0,8 By + W Ui — Vi) (2.20)
T

(2

It is important to stress that following relations holds [, f]

JH9) = Jf'(¢) - (2.21)
Now using (B.19), (2:21)) together with (R.3) and (R.20) we obtain

o' — 01! = —J3
61&2 - 81¢1 = 7‘]{,
Mo — ¢t =0, i>2. (2.22)

Since we consider the closed string on the y-deformed background the angle variables (ﬁl
have to have following periodicity conditions

¢'(2m) — ¢'(0) = 2mn; ,n; € Z . (2.23)

Then integrating (2.29) we obtain the relation between the original variables

¢'(2m) — ¢'(0) = 2m(n1 +7.J2),
2 (21) — ¢%(0) = 27 (ngy — vJ1), (2.24)
where
1 2T .
Ji = ), doJ] (o), (2.25)

and where J; are constant as follows from (P-4).

Now we can also look on this problem from another point of view using the fact that
the momentum conjugate to ¢’ coincides with J]. Therefore we can rewrite the time
component of (R.29) in the form

Di = Di, aoggi - aogbi = _Wijpj , g =1,... ada (226)



where 7;; = —;; with one nonzero component yi2 = . It is clear that () up to twisted
boundary conditions a TsT transformation is just a simple linear canonical transformation
of the U(1) isometry variables. Then the twist is the origin of the nonequivalence of the
original and transformed theories. It is also clear that the most general multi-parameter
TsT transformed background obtained by applying TsT transformations successively, many
times when each time we pick up a new torus and a new deformation parameter is com-
pletely parametrised by the relation (P-26) with arbitrary matrix ;;. Therefore background
that contains d dimensional torus admits d(d — 1)/2 -parameter TsT transformation. In
case of AdS5 the most general TsT transformation applies to the five sphere S (In order to
preserve an isometry of AdSs) has three independent parameters. The twisted boundary
conditions for the original angles ¢ in the case of the most general deformation take the

form

¢(2m) — 6'(0) = 2m(ni = V), vy =~y - (2.27)
The general three-parameter y-deformed background is obtained by applying the TsT
transformation three times. Following [[] we express the corresponding procedure as

(¢17¢27¢3) (¢17¢27¢3) (¢17¢27¢3) (¢17¢27¢3) (228)

Since under every step the corresponding Noether currents remain the same we can write

~ ~ . =/
P — ¢ = —3J3 ¢1 ¢1=0 ¢1— ?/1 =723
¢ — ¢h = y3J] ¢2 ¢2 =-mnJ3 ¢V5/2 - ?/2 =0 (2.29)
¢g_¢é =0 ¢3 ¢3 =mJ3 éé—% = —7J]
From these formula’s we can find the relation between ¢ and ¢ in the form
059’ — Do’ eijiiJf ik = —€ijkYj - (2.30)

Integrating this equation and using the fact that ¢'(27) — ¢*(0) = 2mn’ we obtain the
twisted boundary conditions for the original angles

¢'(2m) — ¢'(0) =21 (n’ — V'), V' = eivid - (2.31)
3. Pure spinor action in AdSs x S® and explicit coset representation

The pure spinor action in AdSsx S® was introduced in [{7, i) and further studied in [53, F§).
In the covariant worldsheet description the pure spinor string action on AdSs x S° takes

the form

S = \F drdo/=7 Str[ Iz (JL(L?)J;?) + JO I 4 @) Jé”) +
e“"
+ 5 (JDID = JDID) + Sghost

Sghost = —g /deU\/—nStr[wHP“'/a,,)\ + 1?1“75‘“’8,,5\ +

N 1 . 1 A -
+N, PR O L N PR O GNP N, = SN, PN, (3.1)



where we have introduced the notation

IO = (g7 0,9 M gy, T = (9710u9) T
JP = (97'0,9)“, I = (g710,9) s ,
wy, = WyuaTad™®, A=A,
p= Wy ) o (3.2)
Ny = = {wps A}y = NitTjea) + Ni“ Tiear)
Wy = ﬁ}uézTa5da, A= j‘dTé"

N, =— {’ijﬂ,)\} = —NﬁdT[cd} + Nﬁ/d/T[c/d/} .

We also work with the flat worldsheet metric where hy, = 7, = diag(—1,1) and where we
have also defined

PRV — (n,ul/ _ E,ul/) 75#1/ _ (n,ul/ + E,ul/) etV et 01 _ 10 _ ¢ (3 3)
) ) \/Tn )
In what follows we work in coordinates #° = 7, 2! = o where o € (0, 27).

An element M of the superalgebra su(2,2]4) is given by a 8 x 8 matrix that can be

AX
we (23 o

The superalgebra su(2,2|4) is singled out by requiring that M has to have zero supertrace
StrM = TrA — TrD = 0 and to satisfy the following reality condition

written in terms of 4 x 4 blocks as

HM +M'H=0. (3.5)

The choice of the hermitian matrix H is not unique and we choose H to be of the diagonal

20
H:<01>. (3.6)

form

Then (B.H) and (B.g) imply

D=-D', SA=-AY, Yv=-X'y, (3.7)
where
100 0
010 0
Y = . (3.8)
00—1 0
000 —1

The algebra su(2,2[4) also contains the u(1) generator iI where I is identity matrix of the
corresponding dimension. The superalgebra psu(2,2(4) is defined as the quotient algebra
of su(2,2|4) over this u(1) factor; it has no realisation in terms of 8 x 8 matrices.

The essential feature of the superalgebra su(2, 2|4) is that it admits a Z, automorphism
2 such that the condition Q(H) = H determines the maximal subgroup to be SO(4,1) x



SO(5) that leads to the definition of the coset for the sigma model. The Z4 automorphism
() takes an element of psu(2,2|4) to another G — (G) such that

0100
KATK —KYTK -10 0 0

QG) = K= 3.9

(©) (KXTKKBTK>’ 0001 (3.9)
0 0-10

Since Q* = 1 the eigenvalues of Q are i ,p = 0,1,2,3. Therefore we can decompose the
superalgebra G as

G=Ho®H1®Ha® Hs, (3.10)

where H,, denotes the eigenspace of €2 such that if H € H,, then
Q(H)=14"H . (3.11)

Explicitly, any matrix M of su(2,2[4) can be decomposed into the sum

M= MO 4 O 4 @ 4 ) (3.12)
where
MO — %(M+Q(M)+92(M)+Q3(M)) — % <A+I§ATK D+I(3DTK> ;
u® — %(M_Q(M)+Q2(M)—Q3(M)) _ % <A—I§ATK D_ISDTK> ;
MO = Z(M —iQ(M) — (M) + Q¥ (M) = | (Y T XH?YTK) 7
M® = %(M—HQ(M) - Q*(M) — (M) = % (Y—HI(()’XTK : _ié(YTK) |

and where Q(M®)) = P M®) . We sce that M(®) form so(4,1) x so(5) subalgebra which
we wish to mod out in the coset. We also see that the matrices M1?) contain the odd
matrices. Splitting M into Grassman even and odd parts

A0 0 X
M = Meven+Modd7 Meven = <O D) s Modd = (Y O) y (314)

we can rewrite the expressions for M(®) in the following form

1 1
MO = = (Moen + KsMbenKs) s M = = (Moven = Ks Mo Ks)

1 - 1 .
MM = 5 (Moda + iKsMlggKs), M® = 5 (Modd — iKgMggqKs) , (3.15)

,10,



where K3 and Kg are defined as

Ksz({fi) , Kg;:([g_o[() . (3.16)

The next step is to explicit choose the coset representative g. Following [[] we take the
coset parametrisation in the form

g=9(0)g(z) . (3.17)

Here g(0) = exp(0), where 6 is an element of psu(2,2/4) that contains 32 fermionic degrees
of freedom. The element g(z) belongs to SU(2,2) x SU(4) and takes following form [f]]

9(2) = <§“(x) ; > (3.18)

0 9s(y)

where
1

- _ i

ga(x) = eXp §(xa7a) ) gs(y) = €Xp §(yara) ) (3-19)
where z = (x4,y,) and x, parametrise the AdSs5 space while y, stand for the five-sphere.
The matrices I'y,v,,a = 1,...,5 are Dirac matrices for SO(5) and SO(4,1) respectively.
These matrices obey the relations

KITK = T,, Ky/K=—v,. (3.20)

Using this property of the Dirac matrices it can be easily shown that they span the orthog-
onal complements to the Lie algebras so(5) and so(4, 1) respectively® Now with the choice
of the coset representative given in (B.17) the current takes the form

J =g tdg =g~ (2)g~" (0)dg(0)g(2) + g~ (2)dg(2) . (321)
Since
g(0) coshf +sinh@, ¢ '(6) = coshf — sinh @
(3.22)
we get
g 1(#)dg(0) = (cosh @ — sinh @)(d cosh @ + dsinh @) = F + B, (3.23)
where
B = coshfdcosh — sinh fdsinh @,
F = cosh fdsinh 6 — sinh 6d cosh 0 (3.24)

are even (contain even number of #’s) and odd (contain odd number of 8’s) element re-
spectively. With the help (B.21)) and (B.23) we find that the even component of .J takes

the form

Jeven = g H(2)Bg(z) + g 1 (2)dg(2) (3.25)

3For very nice discussion, see [@]

— 11 —



while the odd element is equal to
Joad = 9 H(2)Fg(z) . (3.26)

As the next step we find components of the current J® that belongs to appropriate sub-
spaces H(¥. To do this we use the relation (B.15). To present further result we define

G =g(2)Ksg'(2) = <ga O) , G =g(2)Ksg' () = (ga ) ) : (3.27)
0 gs 0 —gs
As was argued in [[] the 4 x 4 matrices g, € SU(2,2) and gs € SU(4) provide another
parametrisation of the five-sphere and the AdS space. On coordinates z the global sym-
metry algebra is realised non-linearly. In opposite, g, and gs carry a linear representation
of the superconformal algebra.
Now using (B.19) and (B.27) we obtain

2JO) = Joven + KgJE

even

Ks=2¢'dg+ g Y(B—-GBTG™ ' —dGG 1Y)y
(3.28)

using the fact that Kg' = —Kg, Kg ' = —Kg'. In (B:2§) g means g(2) and in the following
we use this notation. In the same way we obtain

2% = Joven — KsJhvenKs = g (B+ GBTG™ +dGG™)g (3.29)
and
2JW = Joaa + iKsJoqaKs = g~ (F —iGFTG )g,

2J®) = Joaq — iKgJoqqKs = g~ (F +iGFTG )g .
(3.30)

With the help of (8.2§), (B.-29) and (B.30) we can write the pure spinor Lagrangian density
in the form

L= —8—\58&[%77“”(3“ +GBIGT +9,GG7)(B, + GBI G™' + 9,GG™") +
T
~ ~ g ~ ~
i (F, —iGELG V) (F, +iGFIG) + %(FH —iGFTGY)(F, +iGFIG™)]

VA

— 5 Str(w, PO\ + W, P 9\ — N,P*' N, +
T
1
+§NM7>W(29*10V9 +9 4B, -GBIG™t - 9,GG)g) +
1 - S —1 -1 T ~—1 -1
+§NMP (297 0vg+9 (B, —GB,G " —93,GG™")g)) . (3.31)
By using the cyclic property of the supertrace the action can be further simplified using

the fact that

StrGFTG'GFTG™! = StrFT Lo FT Lo = StrF,F,, (3.32)
# P\ -1 0 -1

- 12 —



where we have used

GG = (1 0 ) (3.33)

0 -1

and also the fact that that F is off-diagonal matrix. Then we can simplify the action (B.31)
as

VOV ~ ~ - B
L= —878tr[§n“ (By+GB.G™' +0,GG™")(B, + GBI G™' + 9,GG™") +
+on (F,F, — iGFI G™'F,) + " (F,F, — iGFF G™'F,)] -
VA

Strw, P 9\ + W, P I\ — N,P* N, +

o

%NMPW(zg*layg +g 1B, — GBTG — 0,6GV)g) +
1o = v —1 —1 T ~—1 —1
+§NMP“ (297 0vg+9 (B, —GB,G* —9,GG™")g)] . (3.34)

We see that the pure spinor parts of the action is rather complicated. In fact, the presence
of the matrix g makes the analysis difficult since the symmetries do not act on it linearly.

To resolve this problem we begin with the observation that

Str(N, P O — Str({w,, A} PP TP) = —PHStr(w, (AJY — JON)  (3.35)
= Strw,P"” [Jl(,o),)\] ,

where we have used the fact that the off-diagonal blocks of the matrices w, A contain
Grassman even elements. In the same we can proceed with N and then we can rewrite the
pure spinor Lagrangian into the form

A - “ .
['pure = —\;—;Str(wup’wvy)\ + QDMPMVVV)\ — NMPMVNV) R (336)

where

VX =0, X+ [, X] . (3.37)

The form of the current J© given in (B.2§) suggests the following field redefinition of the

ghost variables
A=g'\ A=g'A
971_9 ) A g,l_Ag ) (3.38)
Wy = g "Wug, Wy =9 w9 .

First of all we have to check that the new pure spinors matrices X,i still belong to
MM MG respectively. To do this we use the fact that A has schematically following

form
0 X,
A\ = 3.39
(n 0) (3:39)

3 — 0 g_legs
A=g g t=|_ .. 7 , 3.40
9s 1Y)\ga 0 ( )

and hence
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where we have used the explicit form of the coset element given in (B.1§). Then using the
definition of Q given in (B.9) we get

I\ 0 _K(gs_ly)\ga)TK
o = <K (Ga ' X235)" K 0

Ga 0 0 —-KYI'K gl oo 1
= = gQ(\ . 3.41
<0 gs> (KX{K 0 0o gt) =7 (Vg (3:41)

Since () = i\ the equation above implies
Q) =ighg™t =X (3.42)

and hence X belongs to M () as well. In the same way we can show that A belongs to M)
and hence the field redefinition (B.4() is well defined.

It is easy to see that if the original pure spinors A, A obey the pure spinor conditions
then A, A obey these conditions as well. More precisely, note that the pure spinor condition
for A can be written as

{ANF AN T, T} XN f5 5T ~ Ny g AT, = 0 (3.43)
Then if we insert (B.3§) into (B.43) we easily get
{gflxkq,gflxq} =gt {X,X} g=0= {X,X} =0 (3.44)

so that A obey the pure spinor constraint as well. It is clear that the same analysis can be
performed for A as well and we obtain that A obey the pure spinor conditions. Now with

the help of (B.3§) we obtain

1
WPV = g7 BP0+ 5 [(B - GBTGT - dGGT), A])g
- N - ~ 1 N
Z@HPMVVV)\ = g_li,ﬂwl}(aué + 5 [(B - GBTG_l - dGG_l)’A} )g
Ny, =g '"Nyug,
Ny=g'N,g. (3.45)

To simplify further analysis we introduce following notation

JO = g7ldg + %[9‘1(3 —GBTG™! - dGG V)glg tdg + g7 '30g,

1
J® = Slg7 (B+GB'G ' +dGG )] = g TPy,

2
1 ~

JO = 59*1(F —iGFTG g =g 13Wyg,

76 — %gfl(F FiGFTG g =g 1304 . (3.46)
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The we can write the pure spinor action in the same form as in (B.1))

VA
2m
ny

2 (303 — 3P ID)] + S

1
S = drdo/=nStr( 50" (J,?)J(f) +IWIS 43P &”) +

Sehost = —2—\/5 /dem/—nStr[@MP‘“’ayx + Q;ﬂs‘“’ayé +
N v T DUV 1— VN 1o = VAT
+N, P IO + N, P IO — SNuPN, = SN, PN, . (3.47)

However there is one crucial difference between the action (B.47) and (B.1). Due to the
explicit form of the coset representative (B.I7) it is clear that the currents J @) do not
transform under the gauge transformations as the original one J®). More precisely, the
original action (B.1]) was invariant under the gauge transformations

J =h'Jh+hYdh, N =h"'M\h, N =h"1)\h,
w), = h~tw,h, @), =k auh, (3.48)

where h belongs to SO(4, 1) x SO(5). Clearly the redefined currents J and ghost variables
do not transform in the same way as (B.48). This follows from the fact that the choice
of given coset representative effectively fixes given gauge symmetry. For that reason the
action (B.47) does not possess the gauge symmetry of the original action.

We conclude this section with the brief discussion of the properties of the matrix G.
With the certain choice of the matrix K the matrix g, parameterising S° can be written

as follows
0 us Ul u9

* *
—uz 0  uy —uj

gs = (3.49)

—up —uy 0 u3
—uz uj —uz 0

This is unitary matrix glgs = 1 on the condition that the three complex coordinates u;
obey the constraint |u;|? + [ua|? + |us|? = 1. A similar parameterisation of the AdSs space
is given by
0 V3 V1 V2
—v3 0 —v3 V]

Go = (3.50)

—vy vy 0 v |’
—vg —v] —v3 0

where now g, € SU(2,2) so that it obeys glEga = F where F = diag(1,1, —1,—1) provided
the complex numbers v; satisfy the constraint |vy|? + |vg]|? — |v3|? = —1.

4. Equation of motions and BRST invariance

Our goal is to express the equations of motion that follow from the action (B.I]) in terms

of redefined ghost fields (B:3§) and of the currents J®) defined in (B.46). We firstly write
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the equations of motion that arise from (B.1)). These equations of motion were determined
previously in [£7] and their covariant formulation was also given in [5]

TP 4 1TE, NP + 19, K =0,
PRI S, NP 4 S0, 1P =0,
PG = e g0, JO) + I, NP 4 (I, BB =0,
PN IP + e [T TP+ (TP, NP + (I, NP =0,
PN, A+ PN\ N, =0,
PN, A+ PN N, =0, (4.1)
where
Vo J = 8,00 + [J0, T,
Vid = duA+ [J0,2] (4.2)

Now we rewrite these equations of motion using the form of the currents given in (B.44)

and we obtain

V) = g7 0,30 + (30,0 )9 = g7V, Iy, i =1,2,3,
VA = g_lvuXQ, vuj\ = g_lvuig . (4.3)

Then it is easy to see that the equations of motion given above take the form

PN IS + 3P NP+ 3G, N P =0, (4.4)

PN IN + (I NP+ [N N P =0, (4.5)

PHNID — e IN, I+ (3P NP + (3P, NP =0, (4.6)
PNLIE + e [IP, 3P+ (3D NP + (I, NP =0, (4.7)
PHNLA+PHINN,] =0, (4.8)

PV, A+ PHIAN,] =0. (4.9)

The fact that in the new variables the equations of motion have the same form as the
equations given in ([1]) has an important consequence for the conservation of the BRST
currents. These currents are defined as [[7]

jiy = Str(AJNPH) i = Sr(AJPI P (4.10)

and they are conserved
O =0. (4.11)

With the help of (B.38) and (B.46) we can rewrite (4.1() into the form

b= Str(AIIPHY, R = Str (TP Prey (4.12)
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Now we will show that these currents are conserved as well. To do this we will calculate
d,j% using the equations of motion (f.4) and (£.§)

9% = Str(PPINI)) + Str(VPH 9, I
= Str((=P"[A, N, ] = P30, ) IP)) +

nw
+Str (=P (3D, 3] — (3, NP — (3, N, |P)
= —Str(IP) [N, X] )P (4.13)

that vanishes thanks to the pure spinor constraint. In the same way we can prove the
conservation of ji;. The existence of two conserved BRST currents (£.19) imply that we
can define two BRST charges

1 21 1 21

Qr, doj?, Qg doj% . (4.14)

Let us now calculate their time derivative

dQr, 1 [ 1 1

dr o J; 00s]1, o (jr(2m) — jr(0)),

dQr I 1 1 4 1
_— d o = — 2 - Pl 41
dr o J; 00sjR QW(]R( ) JR(O)) (4.15)

where we have used (J.11)). For ordinary closed string we demand that the world-sheet
fields are periodic

JLR(T.0 +27) = ji p(r.0) . (4.16)

Then () implies that Q1,, Qg are time-independent. Even if these results are well known
we reviewed here since as we will see in the next section the world-volume modes do not
have to be periodic and hence the existence of the conserved BRST charges is not generally
obvious.

5. Fermions and pure spinors twisting

The original fermions and pure spinors transform under isometries of the five sphere. To
apply the approach presented in section (JJ) we need to redefine the fermions and pure
spinor in such a way that they become neutral under the isometries. The twisted boundary
conditions for the original angles of AdS5 x S® will induce twisted boundary conditions for
the original charged fermions and pure spinors of AdSs x S°.

To proceed we will closely follow [f]]] since it turns out that the approach presented
here can be easily extended to the pure spinor string as well. We begin with the study
of the invariance of the Lagrangian under the abelian subalgebra of the superconformal
group. The bosonic symmetry algebra SO(4,2) x SO(6) has six Cartan generators: three
for SO(4,2) and three for SO(6). If we introduce the polar representation

u; =i, v = piewi , (5.1)
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where r;, p; are real, then the six commuting isometries are realised as constant shift of the
angle variables

i=i+e, Vi=vi+é. (5.2)

It is remarkable that matrices g5 and g, enjoy the following factorisation property [B, 3,

ga(ﬂlb) - (w)ﬁa(P)M(lﬁ)?
(5.3)
where
0 73 1 1 0 p3 p1 p2
X -rg 0 73 —1 . —p3 0 p2 —p1
r) = , r) = , 5.4
6:(r) —r1 —r2 0 —r3 () —p1 —p2 0 p3 (54
—rg rp 13 0 —p2 pr —p3 O
and where M (¢) = 2 with @ = diag(®q,...,P4) where ®; are equal to
Py = ¢1+ P2+ @3,
Py = —¢1 — P2 + 3,
b3 = ¢1 — P2 — 93,
Py = —P1+ 2 — 3 .
(5.5)
Note that in this case the matrix G, G can be written as
G=mém, G=[%0) (5.6)
0 gs
~ 2 2 a 0
G=MGM, G=[9 " |, (5.7)
0 —Ys
where
M(p) 0
M = . 9.8
( 0 M<¢>> .

If we insert (f.6) and (B.7) to the action (B.47) we obtain that the action explicitly depends
on ®. This fact precludes to perform the analysis given in section (ff). In order to obtain
the sigma model when the fermions and pure spinors are spectators we have to perform
their redefinition.

In order to find the fermionic and pure spinor redefinition note that fermions and pure

spinor matrices can be written as
0 X, 0 X < 0 Xj
= 1. A= A= A (5.9)
Yy O Yy O Y; 0
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where in the case of A, A the off-diagonal matrices Xy, Y), X, Y; are bosonic. We must
however stress that A\, A are not odd matrices of su(2,2|4) superalgebra. This follows from
the fact that they are defined as A = A*T}, where crucially A* is complex number while for
an element from su(2,2|4) this parameter should be real. In fact it can be easily seen that
if A* were real the solution of the pure spinor constraint would be trivial.

In case of fermions we perform following rescaling

Xo=M@)XM(¢)™", Yp=M(@)XM(y)™". (5.10)

Then it follows that
g(0) = Mg(O)M~" (5.11)

_(M@) 0
M_< . M(¢)>, (5.12)

and where the fermions 6 are uncharged under all U(1)s.
Using this redefinition the currents ([B.46) take the form

where we have defined

3O = SM(B-GBTGT -GG — Law — LGaaG M = MIO M

IO = SM(B+ GBTGT 4 Lab + L CaaG M = MIOM,

J0 = %M[F CGETGM Y = MO MY,

IO = M[E +iGETG M = MI® M1 (5.13)

and consequently the matter part of the pure spinor action takes the form

VA

1 v {7(2)7F(2 J(1)3(3 F(3) F(1
§ = 3= [ drdoy=isulsn” (3PP +IPIP +IDID) +
Mo o~
(303 _ 5B O
+5 (IDIS - IHIWY] . (5.14)

It is important that the action (5.14) depends on ® through the expression of d® only
and hence it is invariant under the shift ® = ® + ¢. In other words matter part of the
pure spinor string in the AdSs x S® background takes the form of the sigma model action
studied in the section () and consequently the TsT transformation can be performed.
In the similar way as in case of fermions we propose the following redefinition of the
ghost variables ~
A=MIM"Y, A=MI\M"! (5.15)
and
Wy = Mw,M™", b, =Mw,M ", (5.16)

where X,X,wﬂ,{@ﬂ are not charged under U(1)’s isometries. Note that (p.19) and (p.14)

imply that N, N, are neutral under U(1)’s isometries as well. Further, if we insert (5.19)
into the pure spinor constraint we obtain

{MXM—l, MXM—l} M {X, X} M1 =0 (5.17)
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and hence X obeys the pure spinor constraints. It is also clear that this analysis holds for

\ as well. Finally we determine the form of %X

Vi =+ [30.N]

- e -
= M(9u\ + 5[0,@, \] + IO N)M ™ = MV, M (5.18)
using

A= M <d5\ + %dcbx - %Xd@) Mt (5.19)
Clearly the same equation holds for 2, w,. In summary we obtain following form of the

pure spinor Lagrangian from (B.47)

R LY R S T W

pure = — 5~ tr[w, PV, A+ w, PV, A — N,P v - (5.20)

We see that (5.20) depends on ® through d® only and hence the analysis performed in
section (f) can be applied for pure spinor action as well.
It will be useful to express the equations of motion for J and ghosts A, i, w,w that
were given in ([4), (L), 0), (£7), ([E.§) and (L.9) in terms of the variables defined
n (5.19), (.19) and (F1G). As the first step we express the covariant derivative VJ®
using the redefined currents (5.13)

VIO = M(dID 4 % [d@,j(ﬂ + [j@),j@] YW= MvIOpt (5.21)
where we have introduced the derivative V that by definition depends on J© and on the

derivative of ®. Then with the help of (5.19), (5.19), (f.16) and (5.21)) we can determine
from (), (), E6), (E7), (E3) and ([E9) the equations of motion for J, , A, W, and 1,

in the form

Py, I8 + 38 NP (30, zifu]ﬁfw -0,
PNV@ J(yl) + [jl(/l)’ ~M]PMV + [jl(/l)’ Nﬂ]ﬁuy — 0,
PRV IE = (30 3]+ (3, NP 4 (3P NP =0,
P, IR + e (30,5 + (IO, NP 4 (T, NP =0,
PIY,A 4+ PHAN,] =0,

PRV, /\+7>W[5\ N,J]=0. (5.22)

Finally we will discuss the conservation of the BRST currents given in (j1.12). With the
help of (5.13) and (b.1§) it is easy to see that they are equal to

o St (ATDP) G = Ste(ATE Py (5.23)

and that they are again conserved as a consequence of the equations of motion (5.29).
Consequently the time derivative of the BRST charges is equal to

B Litem—iton, Do LGhen ko). (629
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6. TsT transformation on the five sphere

Even if the general analysis performed above is valid for the TsT transformation in the AdS5
space as well we restrict to the TsT transformation applied to the five-sphere, following [61].
This restriction implies that we do need to impose that fermions and pure spinors are
neutral under isometries of AdS5. Then we can take M (1)) = 1 and hence we obtain that

the matrix M takes the form
1 0
M = . 6.1
(o M(¢>> 61)

In order to determine the twisted boundary conditions for fermions and pure spinors we
have to take into account that the redefined fermions and the pure spinors do not transform
under the TsT transformations. Therefore the original charged fermions in AdSs x S® and
pure spinors satisfy the twisted boundary conditions. We find these boundary conditions
using the relation between 6 and 6 and the twisted boundary condition for angle ¢; that
has impact on the matrix M since

¢i(2ﬂ') = (bZ(O) + 27T(ni — Vi) , V= eijk'yjjk (6.2)
or equivalently
@1(27‘() = (1)1(0) + 27T(n1 +ng+nNg3 — vV — Vg — 1/3) = (131(0) —2mAq,
(1)2(271') = ‘1)2(0) + 271'(—711 —No+ng+v+1vy— I/3) = (1)2(0) —27wAy,
@3(27‘1’) = (1)3(0) + 27T(n1 —MNg —nN3g— V] +Vy+ 1/3) = (133(0) —2mAg,
Dy(27) = P4(0) + 2w(—n1 +ny —ng + 11 — o +v3) = Dy(0) — 27A4 . (6.3)
Using (6.9) we easily obtain
e~ 0 0 10 0 0
0 e 0 0 20 9 0
M(Q(Qﬂ-)) - 0 O efl'ﬂ—AS O 0 O ei(bS(O) 0 (64)
0 0 0 e imha 0 0 0 ei®a(0)
or in compact notation
M(®(2m)) = e MM (D(0)), (6.5)
where A = diag(A1, Aa, A3, Ay). Then we have
9(0)(2m) = M (2m)g(6)(2m) M~ (27)
1 0 A 1 0
= | M(2(0))g(6(0))MH(@(0 .
<Oe—z7rA> (2(0))g(6(0)) M~ ( ())<OBMA>

- (é e_?M> o(0)(0) (3 e,ih) (6:)

using the fact that 6 do not transform under TsT duality and hence they are the same in
TsT dual background with standard periodicity 8(27) = 6(0).
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Now we would like to explain carefully our calculations. * We have derived the pure
spinor action in the AdSs x S® given in (5.14) and (F.20) that by construction is manifestly
invariant under the isometry of the background parametrised by ®. Now let us suppose

that we have pure spinor action that describes closed string in the vy-deformed background.
Since the y-deformed background can be derived from the original AdSs x S° by sequence
of the TsT transformations the analysis performed in section (f]) suggests that this action
has the same functional form as the action given in (5.14) and (p.20). Let us denote the
corresponding Lagrangian as L'(j 0, 5\, 5\) where superscripts on J mean that these currents
explicitly depend on the vy-deformed background. According to the arguments given in
the section () this Lagrangian can be mapped by sequence of TsT transformations to
the Lagrangian E(j A 5\) where now the angle variables obey twisted boundary conditions
according to (.5). On the other hand the fermionic 6 and ghost variables 5\, 5\, w, w have
periodic boundary conditions since they are neutral under U(1)’'s isometries. Then the
form of the currents J given in () imply that they are periodic since they depend on
r,p and 6 and as we argued above these modes are periodic. It is also easy to see that
d®(2m) = d®(0). Explicitly, we have

IO 2r) = 39(0), ~i=10,1,2,3,
A(2m) = A(0), A@m) = \0), (6.7)
Wu(2m) = ,(0),  Wu(21) = w,(0) .

These boundary conditions immediately show that the conserved BRST currents given
in (5.23) imply the existence of the time-independent BRST charges as follows from (5.24).

On the other hand we can take one step further and study the pure spinor action
expressed with the variables J, \, ). These variables now obey twisted boundary conditions

as follows from (5.13), (5.15) and (b.14)

@- 10 g (10 .
J( )(27T) = 0 e*iﬂ'A J( )(O) ( 0 eiﬂ'A ) ) = O’ 17 2’ 3
— 1 0 — 1 0 @ 1 0 Q 1 0
A2m) = , A(0 , A(2m) = . A(0 .
( 7T) 0 e—tmA ( ) (0 ez7rA> ) —( 7T) 0 e imA —( ) (0 6@7TA> ’
— 1 0 _ 1 0 . 1 0 . 1 0
w,(2T) = 0 e—imA w,(0) <O eW\) ) MM(QW) | g e—inA MM(O) 0 eimA

(6.8)
We again see that these boundary conditions immediately show that the conserved BRST
currents ([l.19) are periodic and hence they are two time-independent BRST charges as
follows from ([L.1§). In other words we have shown that classically the pure spinor string
is well defined even in the case when the world-volume fields obey the twisted boundary
conditions. On one hand the power of pure spinor formalism is that it allows to prove
exact conformal invariance of the pure spinor string in AdSs x S° background [Ag] and
arguments given there crucially depend on the gauge invariance of the pure spinor string

4For simplicity we restrict to the case of string with zero winding numbers n; = 0.
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with respect to subgroup SO(4, 1) x SO(5). On the other hand the form of the action (B.47)
explicitly depends on the coset representative that corresponds to the fixing of the gauge
SO(4,1) x SO(5). Consequently the action (B.47) is not suitable for the analysis of the
general properties of the pure spinor sigma model with twisted boundary conditions.

To find such a formulation we would like to express the theory where the fundamental
fields obey the twisted boundary conditions in terms of the original currents J and ghost
variables that appear in the action (B.J) and that obey some form of the twisted boundary

conditions:
J(27) = N(A)J(0)N~L(A),
A@2m) = N(A)AO)NTH(A), A@2r) = N(MAO)NH(A),
w,(2m) = N(Mw,(0)N"HA),  d,(27) = N(A)d, (0)N~H(A), (6.9)

for some matrix NV that depends on A only. If we were able to find such a formulation then
we would get the original action (B.]) with the explicit gauge invariance but where now
the world-volume fields obey the twisted boundary conditions (.9). Since the algebraic
renormalisation arguments given [1§ (see also [p4] are sensitive to the UV properties of
the theory we could then argue that (B.1]) with fields obeying the twisted boundary condi-
tions (6.9) defines exact quantum field theory. It turns out however that it is not possible
to find such a form of the boundary conditions.

To be more precise we try to find the boundary conditions of the original currents
J@ i =1,2,3 and ghosts \, A using the relations (B.38) and (B.44). These relations imply
that J, A, A explicitly depend on g that has the form

_ (9 0
(32 -

where §,(27) = g(0) as follows from the fact that g, parametrises AdSs. More difficult

problem is to find the boundary condition for gs. Recall that this group element has the
form

. i
Js = exp <§yaFa> ; (6.11)

where y, parametrise the five-sphere and I'y,a = 1,...,5 are the Dirac matrices for SO(5).
The variables y, are related to p, ¢ given in (f.4) as

_ 1 1yl ] ly] "
yl_?sm\yl( l_ul)a Y2 = 281n‘y’<2+UQ),
_ 1 1yl " _ 1 ]yl N
Yys = QSln‘y’(UQ _u2)a Yg = QSln‘y’( 1 —|—U1),
_ 1 ’y‘ * o .1 (U3 +u§
1> = yi + 3 +y3 + i+ s (6.12)
Then using the fact that gs; obeys following boundary conditions
gs(2m) = e g ()N (6.13)
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we easily find the twisted boundary conditions for u;
up(2m) = e*i”(AﬁAS)ul(O),
ug(2m) = e_i”(AlJrA“)uz(O),
ug(2m) = e A2 4(0) (6.14)

Using the boundary conditions for u; given above we can easily determine the boundary
condition for |y| given in (p.19)

y5(0)
ly1(0)

This result clearly demonstrates that it is not possible to find the appropriate N matrix

ly|(27) = sin™! [2sin |y|(0) cos(m(Ay + Ag) + 2isin(m(A; + Ag) (6.15)

introduced in (f.9) for general values of A. This is a consequence of the fact that the global
symmetries of the coset are realised non-linearly on coordinates .

Since we have shown that is not possible find the matrix N for general A it turns out
that the arguments in [Ig] that were based on the existence of local gauge symmetry cannot
be applied to the currents that obey twisted boundary conditions. However, looking at the
above equations we see that for v; € Z, where v; is defined as

V; = eijk'Yij (616)

the world-sheet fields in the original AdSs x S° background obey the periodic boundary
conditions as well. It is interesting to compare this requirement with the analysis performed
in [R5 where the significance of the solution with integer v; was stressed from different
point of view. We are not going to perform the same analysis since we have not studied the
classical solutions of the pure spinor string in the original AdSsx S® background however we
would like to stress some interesting points considering the condition that v; is an integer.
For v; # 0 we have consistent string dynamics if +; are rational since J; take integer values
in quantum theory. Secondly, the condition v; = 0 has the general solution

vi=0: Ji=cy. (6.17)

Since again J; have to be integer in quantum theory these solutions exist for special values
of ~;.

Returning back to (5.13) we see that the matrix g, is periodic. Then using also the fact
that J@ are periodic as well we obtain that the currents J given in (B1)) obey the standard
boundary conditions. In other words we can formulate the dynamics of the theory in terms
of the original currents J and the action (B.1]) is manifestly gauge invariant. According to
the analysis given in [I§] the pure spinor string action in AdSs x S5 possesses quantum
BRST invariance and also exact conformal invariance. Then using the TsT transformations
we can map the pure spinor string in the v;-deformed background that obey the conditions
that v;-that define ground states of the pure spinor world-sheet quantum field theory in ;-
deformed background- are integer to the the pure spinor string in AdSs x S® with periodic
boundary conditions. But since the pure spinor string in the AdSs x S° with periodic
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boundary conditions possesses exact quantum conformal invariance we can expect that the
world-sheet theory of the pure spinor string in +;-deformed background formulated above
the ground states with v; integer is well defined quantum field theory.

Since we found that the proof of the conformal invariance of [4§] strictly depends on the
manifest isometries of the background, in other — more realistic — situations (for instance,
N=1 supersymmetries backgrounds) another way of proving the conformal invariance has
to be developed. This would be very important in order to prove conformal invariance
of the theory expanded around other non trivial solutions which cannot be related to
the undeformed original theory. We would like to stress that this is a subject of present
investigation since it is not clear at the moment if all solution of Green-Schwarz formulation
of superstring on AdSs x S° string theory with a given gauge fixing are equivalent to pure
spinor formulation [59].

7. Lax pair for twisted pure spinor string

Our goal is to find, using the relations (B.29) the Lax pair for string in TsT transformed
background if an isometry invariant Lax pair for pure spinor string in flat background is
known. An existence of Lax pair in deformed theory strongly supports classical integrability
of the theory [7 @7@7 7 E]
We begin with the recalling the structure of Lax pair for pure spinor string in Ad.S5 x S°.
In the covariant pure spinor formalism the problem has been studied in [5§]. It was shown
here that there exists set of left-invariant currents .J (u) ®
Ju(w) = Ju + (1 (coshu — 1) + €, sinh w)J"?) 4

+ (1 (cosh ue™? — 1) + €, sinh ue™?) v 4

+ (1 (cosh ue™™? — 1) + €, sinh ue™"?) JvG) 4

+ sinh ue"P,, N” — sinh ue_“PWNV (7.1)

that satisfy the flatness condition
dJ+JANJ=0 (7.2)

that is a consequence of the equations of motion for J and ghost fields and also of the
flatness of J. Note also that J obeys the the ’initial’ condition J(0) = J.

The Lax connection given above cannot be used to derive the Lax connection in de-
formed background since J!(Li) given there explicitly depend on ¢ and consequently jﬂ is
not isometry invariant. Moreover, if we express J(©) using (B.28) it turns out that it ex-
plicitly depends on g(z). This is due the lack of covariance under the gauge symmetry
SO(4,1) x SO(5) of the currents hJ, after the TsT transformations are performed. In

order to solve this problem we construct a covariant version of the currents by changing

50ur spectral parameter u is related to the spectral parameter p of [@] by u = e". Note also that
we have chosen one particular solution from the ones found in @] in order to obey the initial condition
JA‘L (0) = Ju. It is remarkable that the classical theory admits the same two one-parameter families of flat
currents if one sets the contribution of the pure spinor ghost N to zero.
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the current in a similar way as [}, [}, 1, b4]. The corresponding flatness conditions will be
manifestly covariant if the differential d is substituted by a covariant differential.
Let us write the flat current J as

J =g (2)dg(2) + g7 (2)Tg(2) - (7.3)
Then the flatness of J implies
dJ+JNJT =g YdJ +J NJ)g=0 (7.4)
and hence d.J' + J' A J' = 0. Now (1)) implies
Ju(u) = g(2)Jug ™" (2) = Oug(2)g~" ()
= Ju + [(mup(coshu — 1) + €, sinh w)n”’IP) +
+(1p(cosh ue™? — 1) + €up Sinh ue™?)nPe 3 4
+(npp(cosh ue™™? — 1) + €up Sinh ue™ )7 30 4
+sinhue"P,, N” — sinh ue_uPWﬂAy] , (7.5)

where we have also used (B.3§) and (B.46). The Lax connection J'! (@) still has explicit
dependence on ¢’ but this can be easily eliminated using the factorisation property of G' and
redefinition of the fermions and pure spinors. Explicitly, using the relations (5.13), (5.13)
and (p.16)) we can write (7.§) as

j;L = MJI, M + M[(nu,(coshu — 1) + ¢, sinhu)n”? J?) +
+(npp(cosh ue™’? — 1) + €up Sinh ue™?)nPr I +
+(1p(cosh ue™™? — 1) + €up sinh ue )P 30 4

+sinh ue"P,, N” — sinh ue*“PW]vj]M*l =M@, - %’8M<I>)M*1 . (7.6)
Then the flatness condition for J’ implies
dJ + J AT =MAI+IANIM =0 (7.7)
and consequently we obtain the flatness condition for J
dJ+INT=0. (7.8)

We see, following the arguments given in section (E) that the Lax connection J depends on
the derivatives of ® only. Then following the arguments given in [B] we can determine the
Lax connection for pure spinor strings in the y-deformed AdSs x S® when we express Oudi
in terms of (%(fﬁi with the help of the relations (R.29) and also using the fact that J depends
on variables that are neutral under U(1) only. By construction the Lax connection Jis flat,
it is invariant under U(1) isometries and it also obeys the periodic boundary conditions. It
can be used to compute the monodromy matrix 7'(u) that is defined as the path-ordered
exponential of the spatial component of J,

T(u) = Pexp /0 " dod, () (7.9)
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On the other hand we have argued that in order to study the quantum properties of the
string theory in TsT-deformed background it is necessary that the world-sheet modes in
the original AdSs x S° background obey the periodic boundary conditions. This results
also implies that J' and J are periodic as well and their analysis can be performed as

in [A8, FJ].
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